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multivalued or threshold logics allows the synthesis and development of functionally 
more powerful computing devices and systems of multivalued logic to be reduced 
to the development of a parallel array of logical elements of multivalued logic based 
on modulo addition operations and the use of systems residual coding. The need to 
create universal or quasi-universal picture logic elements of matrix two-value logic 
with a programmable setting for the performed function is formulated, since they 
can become the main hardware basis for devices of multi-value and neural, and 
especially matrix logic. Selected on the basis of a review and analysis of both the 
theoretical basis and achievements in optoelectronics, promising ways and 
principles of building promising multi-valued logic computing systems, the 
hardware basis of which can be multi-threshold comparator-selectors, implemented 
including on the basis of current reflectors and photonic elements of integrated 
optics. 

Keywords: multi-valued logic, threshold logic, parallel processing, accelerator, 
non-traditional mathematical apparatus, multi-valued computing system, multi-
linearly separable function, universal picture elements of matrix two-valued and 
multi-valued logic. 
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Анотація. Стаття присвячена огляду та аналізу теоретичного базису та 

математичного апарату деяких нетрадиційних, менш відомих та значно рідше 
використовуваних логік, в тому числі скалярних порогових та багатозначних 
логік, особливо матричних логік, які є узагальненням скалярних та які суттєво 
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розширюють їх функціональні можливості у порівнянні зі скалярними. 
Особливу увагу приділено огляду лінійно та монотонно мультилінійно 
роздільних функцій, що можуть бути теоретичним базисом для синтезу на їх 
основі логічних елементів з відповідними к-значними алфавітами, зі знако-
змінними кодами, чи непозиційними системами кодування, наприклад з 
системою кодування залишками. На основі аналізу цього математичного 
базису здійснено обґрунтування та вибрані можливі з перспективних шляхів 
побудови обчислювальних систем багатозначної логіки. Наведені порівняльні 
характеристики та показані функціональні переваги логічних пристроїв, 
спеціальних процесорів та обчислювальних систем на основі нетрадиційних 
порогової та багатозначної логіки. Доведено, що використання монотонно 
мультилінійно роздільних функцій та більш загальних багатозначних чи 
порогових логік, дозволяє звести синтез та розробку функціонально більш 
потужних обчислювальних пристроїв і систем багатозначної логіки до 
розробки паралельно працюючого масиву логічних елементів багатозначної 
логіки, що базуються на операціях додавання за модулем та використанні 
систем залишкового кодування. Сформульована необхідність створення 
універсальних чи квазі-універсальних картинних логічних елементів 
матричної двозначної логіки з програмованим налаштуванням на виконувану 
функцію, оскільки вони можуть стати основним апаратним базисом для 
пристроїв багатозначних та нейронних, а особливо матричних логік. Вибрані 
на основі огляду і аналізу, як теоретичного базису так і досягнень в 
оптоелектроніці, перспективні шляхи та принципи побудови перспективних 
обчислювальних систем багатозначних логік, апаратним базисом яких можуть 
стати багатопорогові компаратори-селектори, реалізовані в тому числі на 
основі віддзеркалювачів струму та фотонних елементів інтегральної оптики. 

Ключові слова: багатозначна логіка, порогова логіка, паралельна 
обробка, прискорювач, нетрадиційний математичний апарат, багатозначна 
обчислювальна система, мультилінійно роздільна функція, універсальні 
картинні елементи матричної двозначної та багато-значної логіки.   

 
Introduction. Over the past 30 years, there has been a constant increase in 

interest in the tasks of image processing and recognition, which is due to the wide 
application of devices and systems that use methods of processing multidimensional 
signals, multilevel and color images, magnetic, thermal, acoustic and other fields. 
Such systems are used for scene analysis, analysis of signals and images in medicine, 
for recognition and automatic reading of symbols, images, signatures, for 
identification of persons based on dactyloscopic images of fingerprints, retina, for 
recognition and automated input into computer systems, languages gestures, etc. All 
of these application areas use appropriate algorithms and models for image 
processing, analysis, and recognition. In recent decades, the list of image processing 
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methods has significantly expanded. In addition to traditional, long and widely 
known, linear processing methods, a number of non-linear processing methods, 
morphological methods and algorithms have appeared, which are described in terms 
of matrix logics, in terms of corresponding newly created algebras of images. These 
new non-traditional methods, approaches and algorithms are mostly based on 
generalized, not ambiguous, but multi-valued, or even continuous, fuzzy, analog-
discrete, hybrid, biologically motivated neural logics [1-8]. There have been many 
new scientific works, articles dedicated to the description, analysis and modelling of 
image processing and recognition processes precisely in terms of these more 
generalized matrix neurobiologically motivated logics. At the same time, the 
limitation to the wider use of these modern and promising logics and algorithms and 
models based on them is the lack of efficient high-performance processors and 
special computers, the architecture of which would correspond to these matrix 
logics. Specialized image processing systems are known, which are implemented on 
the basis of devices of the conveyor-systolic type, matrix type, processors with a 
variable structure and switching systems, vector-matrix and matrix-matrix 
multipliers, homogeneous computing and memory environments, neuroprocessors 
[2, 4- 8]. But since high-performance image processing and recognition systems, 
especially for real-time processing, require not only significant computing resources 
and a large amount of memory for data storage, but also appropriate, adapted to 
modern methods and algorithms with non-traditional logics, structures of such systems 
and devices. Such structures, in addition, must provide not only parallel processing, 
but also parallel input-output of matrix operands, therefore, consideration of 
conceptual approaches and principles for the design of such specialized accelerator 
computers is an urgent and necessary task. Parallelization of image processing 
processes, two-dimensional arrays in most known architectures, such as matrix, 
conveyor and systolic, does not occur at all stages of processing, and the 
«bottleneck» is the input-output process itself. In addition, such processors, which 
are parallel from the point of view of hardware implementations, do not always use 
exactly matrix models and the corresponding matrix apparatus: matrix logic, linear 
algebra, matrix computational procedures, algebra of morphological operations, 
algebra of images, etc. Also, most such processors use simple discrete matrix logic, 
and most often simple binary logic. 

Analysis of Recent Research and Publications. 
Therefore, the purpose of this article is to highlight issues related to the 

analysis of the theoretical basis, which is necessary to create new matrix models 
based on it, especially with the use of new generalized logics that can improve the 
description, analysis, and modelling of parallel processing of two-dimensional and 
multidimensional information. including images, in specialized high-performance 
processors focused on more modern methods and non-traditional mathematical 
matrix apparatus. 
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The review of the theoretical basis, for example, partly of multi-valued logics, 
for substantiating and choosing the principles of building specialized processors and 
accelerators is aimed at the development and adaptation of new matrix models for 
specific practical tasks. Their application in the modelling and design of such 
specialized devices will allow choosing optimal and effective structures of such 
processors and image processing and recognition systems even at the design stage. 

Presentation of Main Results. We will consider and analyze the theoretical 
basis for building special processors based on multivalued logic and equivalence 
algebra [9-11] with its continuous logical operations and connections with other 
operations and connections with other unconventional algebras.  

Multivalued Threshold Logic (MTL) research originated in the initial period 
of Threshold Logic (TL) research. After the description of the properties of the 
threshold (binary) functions, work on the ternary PL began, which lasted for several 
decades, which was explained by the emergence of possibilities for its implementation 
on the basis of spectral components, first discrete, and then microelectronic 
integrals. It is known that the binary TL is functionally complete, and out of all 16 
existing two-digit functions, 14 are threshold, and the change of the weighting 
coefficients of the vector makes such PL elements programmable for the desired 
function. The functional completeness of the BTL has also been proved [12, 13], 
i.e., any multivalued computing system (MvCS) can be implemented only with the 
help of threshold functions, and this makes it possible to present a purely threshold 
implementation of complex MvCS. On the other hand, from the point of view of the 
«combinatorial explosion», BTL seems not to be interesting. After all, only 471 of 
332 = 19683 the two-digit functions of ternary logic are threshold, and 416only 
18184 of the two-digit functions of quaternary logic are threshold. And when 
considering the function of three variables of binary logic, only 104 (≈ 40%) of 
them are threshold, for ternary 7,6 ∙ 1012 functions, only 85629 of all functions are 
threshold. The relative number of multivalued threshold functions (MvTFs) is 
insignificant and decreases with the importance and growth of the number of 
variables, but nevertheless the absolute number of such functions is large enough, 
which is a good incentive, taking into account the functional completeness, to search 
for a class of problems where BTL will give advantages. 

One of the vivid examples of the effective application of BTL is the 
implementation of a 𝑝𝑝 -valued (𝑝𝑝 = 3)  full adder (based on only two threshold 
elements [13]). But mainly only electronic implementations were used for threshold 
coding, for example, 𝐼𝐼2Л a threshold detector for implementing 4-level logic [13]. 
The prospects opened up by optical, optoelectronic or electro-optical methods and 
calculations and their elemental basis are hindered by the fact that known optical 
bistable elements and structures (ideally a switching device with a transfer 
characteristic in the form of «stairs») have a number of significant disadvantages 
(large optical powers or instability, spread of parameters, etc.), which make it 
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impossible to easily implement all necessary (even with non-negative thresholds and 
coefficients) operations, including quantization and level discrimination. Therefore, 
the search for successful BTL implementations on a microelectronic basis is relevant 
in combination with optical options for solving interconnection problems. An 
additional incentive for this is that the implementation of BTL can be carried out 
using the so-called multi-linear spread, that is, the representation of the BTL- 
functions by the decomposition of binary auxiliary linearly separable (LS) functions 
𝑔𝑔: 𝑉𝑉𝑛𝑛 → {0,1}, which are also thresholded. 

A function 𝑓𝑓: 𝑉𝑉𝑛𝑛 → 𝑉𝑉 is multilinear separable (MLS) if there exists a multiset 
𝐺𝐺 =< 𝑔𝑔𝑖𝑖 |𝑔𝑔𝑖𝑖:𝑉𝑉𝑛𝑛 → {0,1}, where 𝑔𝑔𝑖𝑖 is the LR function and 1 ≤ 𝑖𝑖 ≤ 𝑝𝑝. >, 
so that:  

∑ 𝑔𝑔𝑖𝑖(𝑥𝑥) = 𝑓𝑓(𝑥𝑥).𝑝𝑝−1
𝑖𝑖=1                                             (1) 

The multilinear separable function 𝑓𝑓: 𝑉𝑉𝑛𝑛 → 𝑉𝑉  is monotone multilinear 
separable (MMLS) if for all values of 𝑋𝑋 in 𝑉𝑉𝑛𝑛: 

𝑓𝑓(𝑥𝑥) < 𝑖𝑖 ⇔ 𝑔𝑔𝑖𝑖(𝑥𝑥) = 0;  and 𝑓𝑓(𝑥𝑥) ≥ 𝑖𝑖 ⇔ 𝑔𝑔𝑖𝑖(𝑥𝑥) = 1.                        (2)  
It is important that 𝑓𝑓 is a threshold function if the entire set (number) 𝑔𝑔𝑖𝑖  of 

auxiliary functions for the MMLS function are isobaric functions (isobars), that is, 
LR functions with the same weighting coefficients. From the point of view of 
geometry, a function 𝑓𝑓:𝑉𝑉𝑛𝑛 → 𝑉𝑉  is an MMLS if there exists a set of optionally 
parallel 𝑛𝑛-dimensional hyperplanes separating, 𝑓𝑓−1(0) from 𝑓𝑓−1(1),𝑓𝑓−1(𝑝𝑝 − 1). 
Note that work [13] also shows that in ternary logic there are 703 two-digit MMLS 
functions and 532485 three-digit MMLS functions, and in quaternary logic there are 
61160 two-digit MMLS functions. This means a significant improvement of the 
situation in comparison with the corresponding number of threshold functions as the 
number of arguments increases. 

The following lemmas are also known [12]: 
If  𝑓𝑓:𝑉𝑉𝑛𝑛 → 𝑉𝑉 is a MMLS -function, then the functions obtained by permuting 

or complementing the arguments in 𝑓𝑓  or by complementing 𝑓𝑓 are also MMLS -
functions. 

Let 𝑓𝑓:𝑉𝑉𝑛𝑛 → 𝑉𝑉 is the MMLS function, where 

𝑓𝑓(𝑥𝑥) = �𝑔𝑔𝑖𝑖(𝑥𝑥).
𝑝𝑝−1

𝑖𝑖=1

 

Then 𝑓𝑓 ̅is also an MMLS function and 𝑓𝑓(̅𝑥𝑥) = ∑ 𝑔́𝑔𝑖𝑖(𝑥𝑥)𝑝𝑝−1
𝑖𝑖=1 , where, 𝑔́𝑔𝑖𝑖(𝑥𝑥) =

1 − 𝑔𝑔𝑖𝑖, 1 ≤ 𝑖𝑖 < 𝑝𝑝, i.e., 𝑔́𝑔𝑖𝑖  is the binary complement of 𝑔𝑔𝑖𝑖. 
From formulas (1) and (2), it becomes clear that the implementation of 𝑝𝑝-

valued MS functions (which includes threshold functions) reduces to (𝑝𝑝 − 1) level 
LS-functions, which are simply binary threshold functions, but with 𝑝𝑝 -valued 
arguments. But since a 𝑝𝑝 −valued argument can be represented, for example,         
𝑘𝑘 = ]log2 𝑝𝑝[  by binary digits, any LS-function from 𝑚𝑚 𝑝𝑝-valued arguments can be 
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represented by an LS-function from (m k) two-valued (binary) arguments. Binary 
threshold coding has many adequate optoelectronic, optical implementations [12, 14], 
and therefore, taking into account all the above-mentioned factors, it is possible to 
propose the principles of implementation of the general structure of MS functions. 
They will be based on the use of universal logical elements of binary logic from 𝑚𝑚 𝑘𝑘 
arguments. Such picture elements of matrix binary logic (MBL) were proposed in 
the paper [15]. But they have a significant drawback, which is an increase in the time 
required to perform the MBL-operation when the number of arguments is increased, 
since they use time-pulse coding as an intermediate. With typical values 𝑝𝑝𝑖𝑖  of 
modules in residual coding systems (RCS) processes [16], for example, 𝑝⃗𝑝 =
{17,19,23,29 … } the number of inputs to the universal matrix elements (UMEs) of 
MBL will be at least 10 at 𝑚𝑚 = 2. And this means 𝑡𝑡обр ≈ 𝑡𝑡0 ∙ 210 = 1024 𝑡𝑡0 that is 
unacceptable. But if 𝑡𝑡0 ≈ 10−12𝑐𝑐 this is the delay time of the optical signal, then 
even when multiplied by a factor 2𝑚𝑚𝑚𝑚 = 1024 the total processing time will not 
exceed 1 nanosecond. Therefore, it is necessary to look for new approaches to the 
creation of UMEs of MBL. One approach is to use spatial coding, which is more 
convenient for optics. But a significant number of terms and arguments, 
recognizable situations, with corresponding even amplitude two-level encodings, 
require a significant total dynamic range and adjustment and reduction of 
technological parameter scatters. The appearance of semiconductor lasers with a 
controlled emission wavelength and highly efficient filters allows us to use, in our 
opinion, the most optimal spectral coding, taking into account most of the 
requirements and aspects in the development of UMEs of MBL or UMEs of MTL. 
The essence of this approach is that an optical pulse generated by a laser diode with 
the appropriate power 𝑃𝑃0  and required 𝜆𝜆𝑥𝑥 ∈ �𝜆𝜆0, 𝜆𝜆1, … , 𝜆𝜆𝑝𝑝−1�  wavelength passes 
through 𝑝𝑝 spatial optical filters and appears only at the output of one filter, and a 
similar pulse with 𝜆𝜆𝑦𝑦 ∈ �𝜆𝜆0, 𝜆𝜆1, … , 𝜆𝜆𝑝𝑝−1� a wavelength corresponding to the second 
variable appears at one of outputs of another set of 𝑝𝑝 similar filters. This allows 
when using a threshold photocell (threshold ≥ 1,5 𝑃𝑃0) to convert each set of input 
variable arguments into a unique spatial coordinate. Then the coordinate 
(𝑥𝑥,𝑦𝑦) recognized {0,1, … , 𝑝𝑝 − 1} × {0,1, … , 𝑝𝑝 − 1} = {λ𝑥𝑥} × �λ𝑦𝑦�  in this way is 
matched (a laser diode with the required output wavelength is turned on at the output 
of the threshold photocell λвих) in accordance λвих = 𝑓𝑓(λ𝑥𝑥, λ𝑦𝑦) with the truth table. 
This allows the use of optically controlled transparencies (OCTs), spatial light 
modulators (SLMs) and optical fixed filters selected by the truth table for 𝑓𝑓(𝑥𝑥,𝑦𝑦) 
from a set of possible ones or laser diodes with a tunable wavelength. Possible 
options for the implementation of such UMEs of matrix multi-valued logic (MMvL) 
will be discussed further, here we have only outlined the principles and approaches 
to the construction of computing systems (OS) of multi-valued logic (MvL), the 
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essence of which boils down to the need to recognize subsets (regions) of points in 
an 𝑛𝑛-dimensional cube, which divides the cube, and which correspond to the given 
value 𝑓𝑓(𝑥𝑥,𝑦𝑦) = λ𝑖𝑖 , where 𝑖𝑖 ∈ {0,1, … , 𝑝𝑝 − 1}. 

In other words, to form any desired switching function of the MvL, it is 
necessary to perform (divide) the classification of all possible vectors or values of 
the arguments that specify the points in the 𝑛𝑛 − cube into p classes, and each class 
(subset of points) must be assigned the required value, associated with the number, 
class index. This conclusion allows us to state that it is possible to build a OS of 
MvL on the basis of three-digit neural networks [17], but this requires new 
theoretical fundamental and practical research that goes beyond the scope of this 
work. We note here only the fact that for the above approach we need to apply such 
ANNs, in which the capacity exceeds the number of neurons [18]. 

The following information about the so-called «generalized» separation, 
which is similar to multilinear separation functions, should become the theoretical 
basis for choosing ways to build the OS of MvL. 

Let 𝑓𝑓:𝑉𝑉𝑛𝑛 → 𝑉𝑉  [19]. We define a multiset as follows: 𝐺𝐺 = 〈𝑔𝑔𝑖𝑖 |𝑔𝑔𝑖𝑖:𝑉𝑉𝑛𝑛 →
{0,1},𝑔𝑔𝑖𝑖 is an LS function, 1 ≤ 𝑖𝑖 ≤ 𝐾𝐾〉 at 𝐾𝐾 ≥ 𝑝𝑝. 

Let's define 𝑄𝑄:𝑉𝑉𝑛𝑛 → 𝑉𝑉𝑛𝑛;𝑄𝑄 = (𝑞𝑞1, 𝑞𝑞2, … , 𝑞𝑞𝑛𝑛 ), where 𝑞𝑞𝑖𝑖:𝑉𝑉 → 𝑉𝑉, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛. 
If for all 𝑋𝑋 ∈ 𝑉𝑉𝑛𝑛 holds 

Г𝑖𝑖=1𝑘𝑘−1𝑔𝑔𝑖𝑖�𝑄𝑄(𝑥𝑥)� = 𝑓𝑓(𝑥𝑥),  
then it can be asserted that 𝑓𝑓 is determined using a «generalized» separation, 

where Г  is a closed form of defined pairwise connecting procedures. From a 
geometrical point of view, this allows us to use not a hyperplane, but a hypersurface 
to separate (separate) the points of the hypercube 𝑉𝑉𝑛𝑛. The latter divide some subset 
𝑓𝑓−1(ν) from neighboring subsets 𝑓𝑓−1(ν + 1) (or from 𝑓𝑓−1(ν− 1)), because 𝑘𝑘 ≥ 𝑝𝑝. 

Quadratic or other nonlinear separation of the function (by hypersurfaces) is 
better suited to implementation based on nonlinear light modulators [11]. The use of 
non-linear transformations of the arguments, i.e. non-linear refinement before 
splitting, facilitates the selection of hyperplanes or MS functions. 

Another promising direction in the construction of MvL-OS is the use of 
multi-threshold comparators [20], which are described by a function 𝑓𝑓:𝑉𝑉 → {0,1}, 
where 𝑉𝑉 = {0,1, … , 𝑝𝑝 − 1}  and a set of thresholds (threshold vector 𝑇𝑇 =
𝑡𝑡1, 𝑡𝑡2, … , 𝑡𝑡2𝑝𝑝) such that: 

𝑓𝑓(ν) = �
0, 𝑖𝑖𝑖𝑖 ν < 𝑡𝑡1 𝑜𝑜𝑜𝑜(𝑡𝑡2 ≤ ν < 𝑡𝑡3 ) 𝑜𝑜𝑜𝑜 𝑡𝑡4 ≤ ν < 𝑡𝑡5 …

1, 𝑖𝑖𝑖𝑖 𝑡𝑡1 ≤ ν < 𝑡𝑡2 𝑜𝑜𝑜𝑜(𝑡𝑡3 ≤ ν < 𝑡𝑡4 ) 𝑜𝑜𝑜𝑜 𝑡𝑡2𝑝𝑝−1 ≤ ν < 𝑡𝑡2𝑝𝑝
,  

to wit ⋃ �𝑡𝑡𝑙𝑙𝑙𝑙 ≤ ν < 𝑡𝑡𝑢𝑢𝑢𝑢𝑙𝑙 �𝑙𝑙=𝑝𝑝
𝑙𝑙=1 , 

where 𝑡𝑡𝑙𝑙𝑙𝑙 , 𝑡𝑡𝑢𝑢𝑢𝑢𝑙𝑙  is a pair of thresholds corresponding to the 𝑙𝑙 range of the carrier: 
lower 𝑡𝑡𝑙𝑙 , and upper 𝑡𝑡𝑢𝑢𝑢𝑢. Such multi-threshold comparators can also be called level 
selectors. We define a complementary function 𝑓𝑓(𝜈𝜈) to this function 𝑓𝑓(̅𝜈𝜈), which is 
defined as: 
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𝑓𝑓(̅𝜈𝜈) = �0, 𝑖𝑖𝑖𝑖��𝑡𝑡𝑙𝑙𝑙𝑙 ≤ ν < 𝑡𝑡𝑢𝑢𝑢𝑢𝑙𝑙 �
𝑙𝑙=𝑝𝑝

𝑙𝑙=1
1, 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

 

Note that this approach still strongly depends on the complexity and real 
possibilities of effective optoelectronic hardware implementation of such multi-
threshold comparators, including those based on current mirrors (CMs) with 
photodiodes at the input [20]. In work [21] it is shown that not only functionally 
complete basic but all functions of binary logic can be implemented on these 
photocurrent reflectors, and in work [22] the results are presented showing the 
possibility of such circuitry on the CMs to implement a number of known basic 
functions (minimum, maximum) and generalized operations (equivalence, non-
equivalence) of analog neurobiology. Therefore, further research in this direction 
and the development of methods for the synthesis of such multi-threshold 
comparator-selectors with different types of coding of arguments and variables 
(spatial, amplitude, phase, spectral, etc.) are expedient. 

At the end of a brief overview of the theoretical basis for choosing the 
principles of building MvL-OS and their basic elements, for example, universal 
functions, MS functions, or a set of elementary logical functions that make up a 
functionally complete (or weakly complete) system in MvL, we recall that the 
following are known complete systems: 

1) the Rosser-Tuckett system: {0,1, … , 𝑝𝑝 − 1, 𝑥𝑥0, 𝑥𝑥1, … , 𝑥𝑥𝑝𝑝−1,Λ, V }, where Λ 
are V – the symbols of operations 𝑚𝑚𝑚𝑚𝑚𝑚 ( 𝑥𝑥1, 𝑥𝑥2) and 𝑚𝑚𝑚𝑚𝑚𝑚( 𝑥𝑥1, 𝑥𝑥2); 

and                      𝑥𝑥𝑙𝑙 = 𝑓𝑓𝑙𝑙(𝑥𝑥) = �𝑝𝑝 − 1, 𝑥𝑥 = 𝑙𝑙 (𝑙𝑙 = 0,1, … , 𝑝𝑝 − 1)
0, 𝑥𝑥 ≠ 𝑙𝑙  

– characteristic functions; 
2) the Post system: {𝑉𝑉, ~}, consisting of generalized disjunction operations 

(𝑚𝑚𝑚𝑚𝑚𝑚) and a cycle (~) defined as 𝑓𝑓(𝑥𝑥) = ~𝑥𝑥 = (𝑥𝑥 + 1)𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝; 
3) the Webb system consisting of one Webb operation (°); 
𝑓𝑓(𝑥𝑥1, 𝑥𝑥2) = 𝑥𝑥1°𝑥𝑥2 = (max(𝑥𝑥1, 𝑥𝑥2) + 1)𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝; 
and an incomplete system: {V,Λ− 0,1, … , p − 1 } , where ( � )  is the so-

called complement ( 𝑥̅𝑥 = 𝑝𝑝 − 1 − 𝑥𝑥), and (V) and (Λ) are the operations of taking 
𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑚𝑚𝑚𝑚𝑚𝑚, which corresponds to the Kline algebra [23], the structure of which 
is simpler than the algebras associated with the above systems of Rosser – Tuckett, 
Post, Web, and therefore is more widely used. 

The analysis of this information shows that the presence of a set of constants 
{0,1, … ,𝑝𝑝 − 1}, which makes weakly complete systems complete, and operations: 
{V or Λ,−, ° }  allows to implement essentially all known complete systems and 
algebras. The implementation of the operation ( � ) by optical methods essentially 
reduces to simple mirror images, the operation ( ~) to level shifts, the operation (V) 



  

        № 9(37) 
           2024 
 

 
 
 

 
540 

 

or (Λ) taking into account de Morgan’s laws and in the presence of the operation 
( � ) reduces to(V) or (Λ), respectively, and therefore there is a need for one of 
them, and they are successfully implemented by the MMLS function or through the 
operation of the limited difference of analog logic [22], in addition, the operation (°) 
essentially includes the operations (V, � ) from the Post system, the implementation 
of which was already mentioned above. 

The use of MvL-OS as a basis for counting prime 𝑝𝑝 numbers provides some 
specific features, since it is known that the operations of addition and multiplication 
modulo 𝑝𝑝 then form a field, and it is possible to represent any switching function of 
one or two or more variables by polynomials in the form: 

𝑓𝑓(𝑥𝑥) = �𝑎𝑎𝑖𝑖 ∙ 𝑥𝑥𝑖𝑖(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝)
𝑝𝑝−1

𝑖𝑖=1

 

and  
𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑓𝑓0(𝑥𝑥) + 𝑓𝑓1(𝑥𝑥) ∙ 𝑦𝑦 + 𝑓𝑓2(𝑥𝑥) ∙ 𝑦𝑦2 + ⋯+ 𝑓𝑓𝑝𝑝−1(𝑥𝑥) ∙ 𝑦𝑦𝑝𝑝−1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), 

where 
𝑓𝑓𝑖𝑖(𝑥𝑥) = 𝑎𝑎0𝑖𝑖(𝑥𝑥) + 𝑎𝑎1𝑖𝑖 ∙ 𝑥𝑥 + 𝑎𝑎2𝑖𝑖 ∙ 𝑥𝑥2 + ⋯+ 𝑎𝑎(𝑝𝑝−1) ∙ 𝑥𝑥𝑝𝑝−1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝), 
In addition, since, on the basis of Fermat's theorem, the operation of 

multiplication by modulo for a simple 𝑝𝑝 can be reduced to the operation of addition 
modulo (𝑝𝑝 − 1) powers of the generator, we come to the conclusion that the system 
of operations of addition and multiplication modulo p, or even one operation of 
addition, but modulo p and (𝑝𝑝 − 1) are weakly functionally complete. Therefore, 
supplementing them with a set of constants {0,1, … , 𝑝𝑝 − 1} makes them completely 
functional. Thus, it is necessary to look for such principles of construction of MvL-
elements, and especially matrix multivalued ones, which are based on modulo 
addition operations, and are independent of the values of the module, because the 
moduli 𝑝𝑝𝑖𝑖 can be different. The operations of simple algebraic addition and 
multiplication of signals are easily represented and implemented by the optical and 
optoelectronic elemental basis, taking into account the various physical effects that 
can be used for this. It is also known that analog periodic phenomena in optics, such 
as time or space-phase modulation, discrete changes in polarization, etc., are used to 
implement modulo operations. Methods of passive spatial maps, holographic 
recoding tables, based on optical deflectors and beam switching devices, methods of 
correlation processing and recognition, methods using electro-optical waveguide 
switches [16, 12, 24] deserve special attention. Works [25-27] and many others are 
examples of such application of optical methods for the implementation of the above 
modulo operations. 

Conclusions. Conclusions: An overview of the theoretical basis for choosing 
ways and principles of building multi-valued logic computing systems showed that 
attention should be focused on: 
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1) the development of a generalized structure suitable for optoelectronic 
implementations that implements MS functions; 

2) the further more effective, especially with a significant number of variables, 
optoelectronic version with new types of coding (spectral, phase, polarization) 
construction of the general structure of universal matrix elements of binary logic; 

3) the study of the possibilities of using neural networks and their optoelectronic, 
optical implementations for building generalized structures of multi-valued logic 
computing systems and their basic universal or quasi-universal functional elements 
that implement the operations of complete systems; 

4) researching the possibilities of effective implementations by means of 
optoelectronics and optics of «generalized» separation of functions, MS and MMLS-
functions using pre-processing and non-linear transformations of arguments; 

5) researching synthesis methods, designing multi-threshold comparators, 
selectors, discriminators; search for new effective implementations of them by 
optoelectronic means, including current reflectors; 

6) creation of a new mathematical apparatus for describing such multi-level, 
multi-valued selectors in connection with other known mathematical modules, 
algebras and structures; mathematical apparatus of neurobiology, algebras of 
multivalued continuous logic; 

7) researching the possibilities of creating universal elements with fast 
adjustment not only of scalar multivalued and matrix multivalued logic, but also 
continuous, neural, hybrid logics generalized to the matrix case [28, 29]. 
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